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LAPLACE TRANSFORMS - DIVISION BY ‘t’

L_earning ODbjectives

Students will be able to recognize the following properties of the Plane:
» Understand the definition and properties of Laplace transformations.
» (et an idea about division by t.

» Understand Laplace transforms of standard functions.

» Get the knowledge of application of Laplace transformations.



Laplace Transform :

0 t<O0
If the kernel K(p,t) is defined as K (p, t) = { e‘p[;Zrt > 0 then

f(p)= fooo e PLF(t)dt is called the Laplace Transform of the function F(t) and is
also denoted by L{F(t)} or F(p).

Therefore L{F(t)} = f(p) = [, e P*F(t)dt



k

1. L{k} =2 (p>0)
2. L{t"} =Yl(:::11),p>0andnisanyreal number .
3. L{t"} :pn-;-l , p >0 and n is a positive integer .
4. L{et} =—1 ,ifp>a.
5. L{e2} —p—ia ,ifp>-a
6. L{sinat} = Z:az p>0

_ D
7. L{cosat} T ,p>0

|

9. L{coshat} = # p>|al.




Laplace Transformation — Division by ¢ t ¢ :
If L| F(t)] = f(p)then L[ ( )] f f(p) dp, provided the integral exists.
Proof: Given f(p) = L[ F(t)] = fO e PLE(t)dt

Integrating both sides w.r.t.”p’ from p to oo, we get
[, f@dp = [[[; e F(t)dt] dp

The order of integration in the double integral can be interchanged since ‘p’ and

‘t” are independent variables.
“ [ f()dp = [ dt [”e P F(t)dp
= fooo F(T)dt fpoo e Pldp



e bt

= [0 F(Ddt [—]
__ (@ F(t) .
= fO Te_ptdt

F(t)

= L[—]

Hence L |22 = [
=2 =1 @) dp.




—at_ ,—bt
Exl:FindL{e te }

Sol: Let F(t) = e~ %t — 701,

Then L{e~* — ¢~ bt} = pﬁ — m = f(p)
== FA = e a

- fpoo (pﬁ _pﬁ) dp

= (log(p + a) —log(p + b))y
= log (27)

o L {e_at:e_bt} log (5:2)

p




Ex 2: Evaluate L (Sir;“t)

Sol: We know that L{ f(t) } =L {sinat} =

and L |“2| = [ £ (p) dp

Therefore L (Sintat) = [, —.= dp

p>0 =f(P)



cos at

Ex 3: Show that L ( ) does not exist.

Sol: We know that L{ F(t) } =L {cosat} = 2 Y ,p>0 =1(P)

and L [F(t)] fpoo f(p) dp

Therefore L (Coiat) = [, = = dp

p2+aZ
1 00
= Elog(p2 +a®)y

= %(log o — log(p? + a?))

t .
o L (Coia ) = does not exists.



Ex 4: Evaluate L (1_“’5 at).
t
Sol: We know that L{F(t)} = L{1 — cos at}
= L{1} - L{cos at}

~— P — f(p)

_;_p2+a

and L [=2] = [[7 £ (p) dp.

1- t
oL (S24) = [°¢
= {logp — - (log(p? + a®)}y

1 00
=~ {2logp — (log(p? + a*)};

=308 () }

0.0)

p



= %{log 1 —log (pzzfaz) }

::-_%log(pfiﬂ)

-1

= log (pziza2)7

1—cos at p2+a?
L{ }=l0
t g p?

Ex 5: Find the Laplace transform of {l_cos t}

1-cost p2+1

pZ

Ans: Put a =1 in the above problem we get L{ } = log



Ex 6° Eind L {cos at—cos bt}

Sol: We know that L{F(t)} = L{cos at — cos bt}
= L{cos at} — L{cos bt}

o = (@)

and L |7 2] = [[7 £ (p) dp.

cosat—cosbt) (o™ I
S0 L{ t } _ fp ( p2+b2) dp

1 1 o
= {5log(p* + a*) — - (log(p* + bH)};



= %log

p

=3 (tog1 ~10g (35733))

oL {cos at:cos bt} _ llog (p2+b2)

Ex 6: Find the Laplace transform of {COS t_tc"s Zt}

Sol: Puta=1and b =2 in the above problem we get

I {cos t—tcos Zt} _ %log (p2+4)

p2 +1




Ex 7: Find L (1 o t)

= f ()

p2+1 o

Sol: We know that L{F(t)} = L{1 —cos t} = L(1) — L(cos t) =

and L |=2] = [ £ () dp.

So L{=4 = [ —=£) dp

t

= {logp — > (log(®? + D}y’

1 (0.0)
=~ {2logp — (log(p” + D}

2 (0.0

=z los (;757) |

p



= ~["{log(®? + 1) — logp?}dp

— %fpoo{log(p2 + 1) — 2logp} 1dp
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