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LAPLACE TRANSFORMS – DIVISION BY ‘t’ 
 

 

 

Learning Objectives 

Students will be able to recognize the following properties of the Plane: 

  Understand the definition and properties of Laplace transformations. 

 Get an idea about division by t. 

 Understand Laplace transforms of standard functions. 

 Get the knowledge of application of Laplace transformations. 

 



Laplace Transform : 

           If the kernel K(p,t) is defined as  K ( p, t ) =    
0 𝑓𝑜𝑟 𝑡 < 0

𝑒−𝑝𝑡 𝑓𝑜𝑟 𝑡 ≥ 0  
 then      

f(p)= 𝑒−𝑝𝑡𝐹 𝑡 𝑑𝑡 
∞

0
 is called the Laplace Transform of the function F(t) and is 

also denoted by L{F(t)} or  𝐹 (p) . 

Therefore  L{F(t)} =  f(p) =  𝑒−𝑝𝑡𝐹 𝑡 𝑑𝑡 
∞

0
 



Laplace Transform of some elementary functions  

1. L{k}                = 
𝑘

𝑝
  ( p > 0 ) 

2. L { tn }            = 
𝛄 𝐧+𝟏

𝐩𝐧+𝟏  , p > 0 and n is any real number . 

3. L { tn }            = 
𝐧!

𝐩𝐧+𝟏  , p > 0 and n is a positive integer . 

4. L { eat }           = 
𝟏

𝐩−𝐚
  , if p > a . 

5. L { e -at }         = 
𝟏

𝒑+𝒂
  , if p > -a . 

6. L { sin at }      = 
𝐚

𝐩𝟐+𝐚𝟐  , p > 0 . 

7. L { cos at }     = 
𝐩

𝐩𝟐+𝐚𝟐  , p > 0 . 

8. L { sinh at }   = 
𝐚

𝐩𝟐−𝐚𝟐  , p > │a│ . 

9. L { cosh at }  =  
𝐩

𝐩𝟐−𝐚𝟐  , p > │a│ . 



Laplace Transformation – Division by ‘ t ‘ : 

If 𝑳  𝑭 𝒕 = 𝒇 𝒑 𝒕𝒉𝒆𝒏 𝑳
𝑭 𝒕

𝒕
=  𝒇 𝒑  𝒅𝒑

∞

𝒑
, provided the integral exists. 

Proof: Given 𝑓 𝑝 = 𝐿  𝐹 𝑡 =  𝑒−𝑝𝑡∞

0
𝐹 𝑡 𝑑𝑡 

Integrating both sides w.r.t.’p’ from p to ∞, we get 

 𝑓 𝑝 𝑑𝑝 =  [ 𝑒−𝑝𝑡∞

0

∞

𝑝

∞

𝑝
𝐹(𝑡)𝑑𝑡] 𝑑𝑝 

The order of integration in the double integral can be interchanged since ‘p’ and 

‘t’ are independent variables. 

                               ∴  𝑓 𝑝 𝑑𝑝
∞

𝑝
=  𝑑𝑡  𝑒−𝑝𝑡∞

𝑝

∞

0
𝐹 𝑡 𝑑𝑝  

                                                    =  𝐹 𝑇 𝑑𝑡  𝑒−𝑝𝑡∞

𝑝

∞

0
𝑑𝑝  

                                                     



                                                 =  𝐹 𝑇 𝑑𝑡 [
𝑒−𝑝𝑡

−𝑡
] 𝑝
∞∞

0
 

                                                 =  
𝐹 𝑡

𝑡

∞

0
𝑒−𝑝𝑡𝑑𝑡 

                                                 = 𝐿[
𝐹 𝑡

𝑡
] 

Hence 𝐿
𝐹 𝑡

𝑡
=  𝑓 𝑝  𝑑𝑝

∞

𝑝
. 



Ex 1: Find 𝑳
𝒆−𝒂𝒕−𝒆−𝒃𝒕

𝒕
 

Sol: Let 𝐹 𝑡 = 𝑒−𝑎𝑡 − 𝑒−𝑏𝑡 . 

       𝑇𝑕𝑒𝑛 𝐿 𝑒−𝑎𝑡 − 𝑒−𝑏𝑡 =
1

𝑝+𝑎
−

1

𝑝+𝑏
= 𝑓(𝑝)  

                  𝐿
𝑒−𝑎𝑡−𝑒−𝑏𝑡

𝑡
=

𝐹 𝑡

𝑡
=  𝑓 𝑝  𝑑𝑝

∞

𝑝
  

                                                      =  
1

𝑝+𝑎
−

1

𝑝+𝑏
𝑑𝑝

∞

𝑝
  

                                                      = log 𝑝 + 𝑎 − log 𝑝 + 𝑏 𝑝
∞ 

                                                      = log
𝑝+𝑎

𝑝+𝑏 𝑝

∞
 

                             ∴ 𝐿
𝑒−𝑎𝑡−𝑒−𝑏𝑡

𝑡
= log

𝑝+𝑏

𝑝+𝑎
 



Ex 2: Evaluate 𝑳
𝐬𝐢𝐧 𝒂𝒕

𝒕
 

Sol: We know that L{ f(t) } = L { sin at }   = 
𝐚

𝐩𝟐+𝐚𝟐  , p > 0  = f(P) 

and 𝐿
𝐹 𝑡

𝑡
=  𝑓 𝑝  𝑑𝑝

∞

𝑝
  

Therefore 𝐿
sin 𝑎𝑡

𝑡
=  

𝐚

𝐩𝟐+𝐚𝟐

∞

𝑝
 𝑑𝑝 

                                    = 𝑡𝑎𝑛−1 𝑝

𝑎 𝑝

∞
  

                                     =
𝜋

2
− 𝑡𝑎𝑛−1 𝑝

𝑎
  

                 ∴ 𝐿
sin 𝑎𝑡

𝑡
= 𝑐𝑜𝑡−1 𝑝

𝑎
  . 



Ex 3: Show that  𝑳
𝐜𝐨𝐬 𝒂𝒕

𝒕
 does not exist. 

Sol: We know that L{ F(t) } = L { cos at }  = 
𝐩

𝐩𝟐+𝐚𝟐  , p > 0  = f(P) 

and 𝐿
𝐹 𝑡

𝑡
=  𝑓 𝑝  𝑑𝑝

∞

𝑝
  

Therefore 𝐿
cos 𝑎𝑡

𝑡
=  

𝐩

𝐩𝟐+𝐚𝟐

∞

𝑝
 𝑑𝑝 

                                =
1

2
log 𝑝2 + 𝑎2

𝑝
∞  

                                =
1

2
log∞ − log 𝑝2 + 𝑎2   

              ∴ 𝐿
cos 𝑎𝑡

𝑡
= 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡𝑠.  



Ex 4: Evaluate 𝑳
𝟏−𝐜𝐨𝐬 𝒂𝒕

𝒕
. 

Sol: We know that 𝐿 𝐹 𝑡  = 𝐿 1 − cos 𝑎𝑡   

                                            = 𝐿 1  - 𝐿 cos 𝑎𝑡  

                                            = 
1

𝑝
−

𝑝

𝑝2+𝑎2 = 𝑓(𝑝)  

and 𝐿
𝐹 𝑡

𝑡
=  𝑓 𝑝  𝑑𝑝

∞

𝑝
. 

So 𝐿
1−cos 𝑎𝑡

𝑡
=  (

1

𝑝

∞

𝑝
−

𝑝

𝑝2+𝑎2) 𝑑𝑝 

= *log 𝑝 −
1

2
log 𝑝2 + 𝑎2

𝑝
∞  

=
1

2
 *2 log 𝑝 − log 𝑝2 + 𝑎2

𝑝
∞   

=
1

2
log

𝑝2

𝑝2+𝑎2  
𝑝

∞

  



                                   =
1

2
log 1 − log

𝑝2

𝑝2+𝑎2    

                          = −
1

2
log

𝑝2

𝑝2+𝑎2   

                         = 𝑙𝑜𝑔
𝑝2

𝑝2+𝑎2

−1

2
  

  ∴ 𝐿
1−cos 𝑎𝑡

𝑡
= 𝑙𝑜𝑔

𝑝2+𝑎2

𝑝2   

Ex 5: Find the Laplace transform of 
𝟏−𝐜𝐨𝐬 𝒕

𝒕
 

Ans: Put a = 1 in the above problem we get 𝐿
1−cos 𝑡

𝑡
= 𝑙𝑜𝑔

𝑝2+1

𝑝2  



Ex 6: Find 𝑳
𝐜𝐨𝐬 𝒂𝒕−𝐜𝐨𝐬 𝒃𝒕

𝒕
, 

Sol: We know that 𝐿 𝐹 𝑡 = 𝐿*cos 𝑎𝑡 − cos 𝑏𝑡}  

                                                  = L{cos 𝑎𝑡} – L{cos 𝑏𝑡} 

                                            =
𝑝

𝑝2+𝑎2 −
𝑝

𝑝2+𝑏2 = 𝑓(𝑝)  

and 𝐿
𝐹 𝑡

𝑡
=  𝑓 𝑝  𝑑𝑝

∞

𝑝
. 

 

So 𝐿
cos 𝑎𝑡−cos 𝑏𝑡

𝑡
=  (

𝑝

𝑝2+𝑎2

∞

𝑝
−

𝑝

𝑝2+𝑏2) 𝑑𝑝 

 

                               = *
1

2
log 𝑝2 + 𝑎2 −

1

2
log 𝑝2 + 𝑏2

𝑝
∞ 



                                                           =
1

2
log

1+
𝑎2

𝑝2

1+
𝑏2

𝑝2
𝑝

∞

               

                                       =
1

2
𝑙𝑜𝑔1 − log

𝑝2+𝑎2

𝑝2 +𝑏2     

             ∴ 𝐿
cos 𝑎𝑡−cos 𝑏𝑡

𝑡
=

1

2
log

𝑝2+𝑏2

𝑝2 +𝑎2   

Ex 6: Find the Laplace transform of 
𝐜𝐨𝐬 𝒕−𝐜𝐨𝐬 𝟐𝒕

𝒕
 

Sol: Put a = 1 and b = 2 in the above problem we get  

                        𝐿
cos 𝑡−cos 2𝑡

𝑡
=

1

2
log

𝑝2+4

𝑝2 +1
        



Ex 7: Find 𝑳
𝟏−𝐜𝐨𝐬 𝒕

𝑡2  

Sol: We know that 𝐿 𝐹 𝑡 = 𝐿 1 − 𝑐𝑜𝑠 𝑡 = 𝐿 1 − 𝐿 𝑐𝑜𝑠 𝑡 =
1

𝑝
−

𝑝

𝑝2+1
= 𝑓(𝑝) 

and 𝐿
𝐹 𝑡

𝑡
=  𝑓 𝑝  𝑑𝑝

∞

𝑝
. 

So 𝐿
1−cos 𝑡

𝑡
=  (

1

𝑝

∞

𝑝
−

𝑝

𝑝2+1
) 𝑑𝑝 

                          = *log 𝑝 −
1

2
log 𝑝2 + 1 𝑝

∞  

                          =
1

2
 *2 log 𝑝 − log 𝑝2 + 1 𝑝

∞  

                          =
1

2
log

𝑝2

𝑝2+1
 

𝑝

∞

  

 

 



                          =
1

2
log 1 − log

𝑝2

𝑝2+1
   

                          = −
1

2
log

𝑝2

𝑝2+1
  

                         = 𝑙𝑜𝑔
𝑝2

𝑝2+1

−1

2
  

  ∴ 𝐿
1−cos 𝑡

𝑡
= 𝑙𝑜𝑔

𝑝2+1

𝑝2   

∴ 𝐿
1−cos 𝑡

𝑡2 =  
1

2

∞

𝑝
log

𝑃2+1

𝑝2 𝑑𝑝  

                  = 
1

2
 log 𝑝2 + 1 − 𝑙𝑜𝑔𝑝2 𝑑𝑝

∞

𝑝
  

                  = 
1

2
 log 𝑝2 + 1 − 2𝑙𝑜𝑔𝑝  1𝑑𝑝

∞

𝑝
  



                                     =  
1

2
log 𝑝2 + 1 − 2𝑙𝑜𝑔𝑝  𝑝

∞ −
1

2
 

2𝑝

𝑝2+1
−

2

𝑝

∞

𝑝
𝑝 𝑑𝑝  

       =
𝑝

2
log

𝑃2+1

𝑝2
𝑝

∞

+  
1

𝑝2+1

∞

𝑝
 𝑑𝑝  

         =
𝑝

2
log 1 +

1

𝑝2
𝑝

∞
+ 𝑡𝑎𝑛−1𝑝 𝑝

∞  

           = −
𝑝

2
log 1 +

1

𝑝2 +
𝜋

2
− 𝑡𝑎𝑛−1𝑝   

= 𝑐𝑜𝑡−1𝑝 −
𝑝

2
 log 1 +

1

𝑝2   

∴ 𝐿
1−cos 𝑡

𝑡2 = 𝑐𝑜𝑡−1𝑝 −
𝑝

2
 log 1 +

1

𝑝2   
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